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l. Introduction 
Some time ago, N. G. DE BRUIJN and P. ERDOS in [l] obtained a 
theorem about coloring an infinite graph. In fact, they obtained their 
result from a theorem of R. RADO (see [2]) about the existence of certain 
choice functions. 
The object of this paper is to give new proofs of this theorem about 
infinite graphs and the theorem of Rado. Although simple proofs of 
these theorems, based on Tychonoff's theorem that the Cartesian product 
of a family of compact sets is compact, were given earlier (see [3]), the 
present author believes that his method of proof may be of interest. In 
fact, we show that the above mentioned theorems are immediate con-
sequences of a simple property of ultrapowers as defined in [4]. Finally, 
it may be of interest to remark that the use of ultrapowers eliminates 
the use of Zorn's lemma. Thus deducing both results directly from the 
ultrafilter theorem. 
2. Ultrapowers 
In this section we shall give a brief account of the theory of the very 
simple type of ultrapowers which are used in the following sections. 
Let X and Y be two sets and let Y x be the set of all mappings of X 
into Y. Let u be an ultrafilter on X. For any elements F, G E yx we 
write F- uG if and only if {x : x EX and F(x) =G(x)} E U. It is easy 
to see that u is an equivalence relation on the set YX. The set of all 
equivalence classes yx jU will be denoted by P. The reduced system P is 
called the ultrapower of Y modulo U. For the sake of simplicity, ifF E yx, 
then we shall denote the element of P to which F belongs by f. 
It is easy to see that Y can be embedded in Pin a one-to-one fashion 
by means of the equivalence classes of the constant mappings of X into Y. 
We shall identi~y Y with this subset. If Z is a subset of Y, then by Z* 
we shall denote the set of all f E P such that {x : x EX and F(x) E Z} E U 
for some FE f. Since U is a filter it follows immediately that fEZ* if 
and only if for all FE f we have {x : x EX and F(x) E Z} E U. Further-
more, it is easy to see that Z C Z*. 
1 ) Work on this paper was supported by National Science Foundation Contract 
No. NSF-G-19914. 
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In the following sections the following simple result is essential. 
Theorem. If Z is a finite subset of Y, then Z =Z*. 
Proof. Let Z = {y1, ... , Yn}, where Yi E Y (i = 1, 2, ... , n). For every 
F E YX, we set Fi = {x : F(x) = yt}. If f E Z*, then for every F E f we 
n 
have that U FiE U. Since U is an ultrafilter there exists exactly one 
i ~ 1 
index i (1<i<n) such that FiE U. Hence, f is the equivalence class of 
the constant mapping x--+ Yi of X into Y, i.e., fEZ. This completes 
the proof of the theorem. 
3. A Color Problem for Infinite Graphs 
Let G be a graph and let k be a positive integer. Then G is said to be 
k-colorable if to each vertex one of a given set of k colors can be attached 
in such a way that on each edge the two-endpoints get different colors. 
Theorem (N. G. de Bruijn and P. Erdos). If G is a graph with the 
property that every finite subgraph is k~colorable, then G is k-colorable. 
Proof. Let X be the set of all possible k-colorings of finite subgraphs 
of G. Then, by hypothesis, X is not empty. For every g E G, let Xu be 
the set of all k-colorings of finite subgraphs H of G such that g E H. Then 
the hypothesis of the theorem implies that Xu# rp for all g E G and that 
the family {Xu : g E G} has the finite intersection property. Let U be 
an ultrafilter on X which contains the family {Xu : g E G} and let P 
denote the ultrapower {1, 2, ... , k}XfU. We shall now define a mapping 
of G into P as follows: For every g E G, there exists t/J0 E rp(g) such that 
Wg(x)=x(g)rp for all x E Xg. Since the set {1, 2, ... , k} is finite it follows 
from the theorem of the preceding section that for every g E G there exists 
a unique element l(g) E {1, 2, ... , k} such that rp(g) = l(g). We claim that the 
mapping g --+l(g) of G into {1, 2, ... , k} is a k-coloring of G. Indeed, if 
g1, g2 E G are end-points of the same edge, then for all x E Xy, n Xg, 
we have x(g1 ) cf= x(g2 ). Since U is an ultrafilter and Xy, n Xg, E U we 
obtain l(g1) cf= l(g2 ). This completes the proof of the theorem. 
4. A Theorem of R. Rado 
Theorem (R. Rado). Let {A.: v EM} be a non-empty family of 
non-empty finite sets. Assume that for every finite subset N of M a choice 
function aN is given (i.e., aN(v) EA. for all v EN). Then there exists a 
choice function a of the family {A. : v EM} (i.e., a mapping a of Minto 
A= U(A. : v EM) such that a(v) EA. for all v EM) such that for every 
finite subset N of M there exists a finite subset N' of N with the following 
property: N C: N' and a(v) = aw(v) for all v EN. 
Proof. Let X be the set of all finite subsets of M. For every v EM, 
let X. be the set of all LEX such that vEL. Then the family {X. : v EM} 
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is a non-empty family of non-empty subsets of X which has the finite 
intersection property. Let U be an ultrafilter on X which contains the 
family {X. : v EM} and let P be the ultrapower AXfU. We shall now 
define a mapping q; of Minto Pas follows: For every v EM, there exists 
cJJ. Eq;(v) such that C/Jv(.L) = aL(v) for all LEX •. Since the sets A. are finite it 
follows from the theorem of section 2 that for every v E M there exists 
a unique element a. EA. such that q;(v) =a •. Then the mapping a of M 
into A such that a( v) =a. for all v E M is the required choice function. 
Indeed, let N be a finite subset of M and let cJJ. E q;(v) for every v EN. 
Then the set E.={L: cJJ.(L)=a.} E U for all v EN; and hence, 
E = n (E. : v E N) E u. 
Finally, let N' E E, then N ~ N' and aN,(v)=a. for all v EN. This com-
pletes the proof of the theorem. 
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